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Abstract. If G is a bridgeless cubic grapii, Fulkerson conjectured that we can 
find 6 perfect matciiings Mi , . . . , Mg of G witii tlie property tiiat every edge of 
G is contained in exactly two of them and Berge conjectured that its edge set 
can be covered by 5 perfect matchings. We define t(G) as the least number 
of perfect matchings allowing to cover the edge set of a bridgeless cubic graph 
and we study this parameter. The set of graphs with perfect matching index 
4 seems interesting and we give some informations on this class. 



1. Introduction 

The following conjecture is due to Fulkerson, and appears first in [5]. 

Conjecture 1.1. If G is a bridgeless cubic graph, then there exist 6 perfect match- 
ings Afi, . . . , Mg of G with the property that every edge of G is contained in exactly 
two o/Mi,...,Af6. 

If G is 3-edge-colourable, then we may choose three perfect matchings Mi, M2, M3 
so that every edge is in exactly one. Taking each of these twice gives us 6 perfect 
matchings with the properties described above. Thus, the above conjecture holds 
trivially for 3-edge-colorable graphs. There do exist bridgeless cubic graphs which 
are not 3— edge-colourable (for instance the Petersen graph), but the above conjec- 
ture asserts that every such graph is close to being 3-edge-colourable. 

If Fulkerson's conjecture were true, then deleting one of the perfect matchings 
from the double cover would result in a covering of the graph by 5 perfect matchings. 
This weaker conjecture was proposed by Berge (see Seymour |12)). 

Conjecture 1.2. If G is a bridgeless cubic graph, then there exists a covering of 
its edges by 5 perfect matchings. 

Since the Petersen graph does not admit a covering by less that 5 perfect match- 
ings (see section [3]), 5 in the above conjecture can not be changed into 4 and the 
following weakening of coniecture ll.2l (suggested by Berge) is still open. 

Conjecture 1.3. There exists a fixed integer k such that the edge set of every 
bridgeless cubic graph can be written as a union of k perfect matchings. 

Another consequence of the Fulkerson conjecture would be that every bridgeless 
cubic graph has 3 perfect matchings with empty intersection (take any 3 of the 6 
perfect matchings given by the conjecture). The following weakening of this (also 
suggested by Berge) is still open. 
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Conjecture 1.4. There exists a fixed integer k such that every bridgeless cubic 
graph has a list of k perfect matchings with empty intersection. 

For fc = 3 this conjecture is known as the Fan Raspaud Conjecture. 

Conjecture 1.5. 3J Every bridgeless cubic graph contains perfect matching Mi, 
M2, such that 

Ml n M2 n M3 = 

While some partial results exist concerning conjecture 11.51 (see [17]), we have 
noticed no result in the literature concerning the validity of Conjecture 11.11 or 
Conjecture 11.41 for te usual classes of graphs which are examined when dealing 
with the 5— flow conjecture of Tutte [TS] or the cycle double conjecture of Seymour 
[TT] and Szekeres [T3j. Hence for bridgeless cubic graphs with oddness 2 (a 2— factor 
contains exactly tow odd cycles) it is known that the 5— flow conjecture holds true 
as well as the cycle double conjecture (see Zhang [T^ for a comprehensive study of 
this subject). 

Let G be a bridgeless cubic graph, we shall say that the set M = {Mi, . . . Mk} 
{k > 3) of perfect matchings is a k— covering when each edge is contained in at least 
one of theses perfect matchings. A Fulkerson covering is a 6— covering where each 
edge appears exactly twice. Since every edge of a bridgeless cubic graph is contained 
in a perfect matching (see [10]) the minimum number r(G) of perfect matchings 
covering its edge set is well deflned. We shall say that t(G) is the perfect matching 
index of G. We obviously have that t(G) = 3 if and only if G is 3— edge-colourable. 

2. Preliminaries results 

Proposition 2.1. let G be a cubic graph with a k— covering M. — {Mi, . . . ,Mfe} 
(k >3) then G is bridgeless. 

Proof Assume that e G E{G) is an isthmus, then the edges incident to e are not 
covered by any perfect matching of G and Ai is not a _fC— covering, a contradiction. 
□ 



2.1. 2— cut connection. Let Gi, G2 be two bridgeless cubic graph and ei — uivi S 
E{Gi), £2 = U2V2 e E{Gi) be two edges. Construct a new graph G ^ G1QG2 

G = [Gi \ {ei}] U [G2 \ {ea}] U {uiU2,viV2} 

Proposition 2.2. Let Gi be a cubic graph such that t(Gi) fc > 3 and let G2 be 

any cubic bridgeless graph, then t(Gi OG2) > k 

Proof Let G = Gi © G2. Assume that k' = t{G) < k and let M = {Mi, Mk'} 
be a fc'— covering of G Any perfect matching of G must intersect the 2— edge cut 
{uiVi,U2V2} in two edges or has no edge in common with that set. Thus any per- 
fect matching in Ai leads to a perfect matching of Gi. Hence we should have a 
fc'— covering of the edge set of Gi, a contradiction. □ 
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2.2. 3— cut connection. Let Gi, G2 be two bridgeless cubic graph and u G V{Gi), 
V e V{G2) be two vertices with N{u) = {ui,U2,M3} and N{v) — {wi,f2,ti3}. 
Construct a new graph G = Gi ® G2 

G = [Gi \ {u}] U [G2 \ {v}] U M2W2, M3«3} 

It is weh known that the resulting graph Gi (8> G2 is bridgeless. The 3— edge cut 
{miWi, U2W2, wawa} will be called the principal S—edge cut. 

Proposition 2.3. Let Gi be a cubic graph such that t(Gi) = k > 3 and let G2 be 

any cubic bridgeless graph. Let k' — r(Gi ® G2) and let A4 = {Mi, . . . , Mk'} be a 
k' — covering of Gi (8> G2. Then one of the followings is true 

(1) k' >k 

(2) There is a perfect matching Mi gA^ (^l<*<fcj containing the principal 
3— edge cut 

Proof Assume that k' < k. Any perfect matching of Gi (g) G2 must intersect 
the principal 3— edge cut in one or three edges. If none of the perfect matchings 
in M contains the principal 3— edge cut, then any perfect matching in A4 leads to 
a perfect matching of Gi and any edge of Gi is covered by one of these perfect 
matchings. Hence we should have a /c'— covering of the edge set of Gi, a contradic- 
tion. □ 



3. On graphs with perfect matching index 4 

A natural question is to investigate the class of graphs for which the perfect 
matching index is 4. 

Proposition 3.1. Let G be a cubic graph with a A— covering Ai — {Mi, M2, M^, M4} 
then 

(1) Every edge is contained in exactly one or two perfect matchings of A4. 

(2) The set M of edges contained in exactly two perfect matchings of A4 is a 
perfect matching. 

(3) // r(G) = 4 then j e {1, 2, 3, 4} Mi n Mj ^ 0. 

Proof Let v be any vertex of G, each edge incident with v must be contained 
in some perfect matching of M. and each perfect matching must be incident with 
V. We have thus exactly one edge incident with v which is covered by exactly two 
perfect matchings of M. while the two other edges are covered by exactly one perfect 
matching. We get thus immediately Items [T] and [2l 

When t(G) = 4, G is not a 3— edge colourable graph. Assume that we have two 
perfect matchings with an empty intersection. These two perfect matchings lead to 
an even 2— factor and hence a a 3— edge colouring of G, a contradiction. □ 
In the following the edges of the matching M described in item O of Proposition 
13.11 will be said to be covered twice. 

Proposition 3.2. Let G be a cubic graph such that t(G) — 4 then G has at least 
12 vertices 

Proof Let Ai = {Mi, M2, M3, M4} be a covering of the edge set of G into 4 per- 
fect matchings. From Proposition 13. II we must have at least 6 edges in the perfect 
matching formed with the edges covered twice in M. Hence, G must have at least 



4 



J.L. FOUQUET AND J.M. VANHERPE 



12 vertices as claimed. □ 

From Proposition 13.21 we obviously have that the Petersen graph has a perfect 
matching index equal to 5. 

Proposition 3.3. Let G be a cubic graph such that t{G) = 4 and let M = 
{Ml, M2, M3, Mi} be a covering of its edge set into 4 perfect matchings then for 
each j (j — 1 . . .4) M — Mj is a set of 3 perfect matchings satisfying the Fan 
Raspaud conjecture. 

Proof Obvious since, by Item[l]of Proposition l3.1l anv edge is contained in exactly 
one or two perfect matchings oi M. □ 

Let G be a cubic graph with 3 perfect matchings Mi , M2 and M3 having an 
empty intersection. Since such a graph satisfy the Fan Raspaud conjecture, when 
considering these three perfect matchings, we shall say that (Mi,M2,M3) is an 
FR-triple. When a cubic graph has a FR-triple we define Ti (i = 0, 1, 2) as the set 
of edges that belong to precisely i matchings of the FR-triple. Thus (To,Ti,T2) is 
a partition of the edge set. 

Proposition 3.4. Let G be a cubic graph with 3 perfect matchings Mi, M2 and M^ 
having an empty intersection. Then the set Tq UT2 is a set of disjoint even cycles. 
Moreover, the edges of Tq and T2 alternate along these cycles. 

Proof Let w be a vertex incident to a edge of Tq. Since v must be incident to each 
perfect matching and since the three perfect matchings have an empty intersection, 
one of the remaining edges incident to v must be contained into 2 perfect matchings 
while the other is contained in exactly one perfect matching. The result follows. □ 

Let G be a bridgeless cubic graph and let C and C' be distinct odd cycles of G. 
Assume that there are three distinct edges namely xx' , yy' and zz' such that x, y 
and z are vertices of G while x' , y' , z' are vertices of G' which determine on G and 
on G' edge-disjoint paths of odd length then we shall say that {xx' ,yy' , zz') is a 
good triple and that the pair of cycles {G, G'} is a good pair. 

Theorem 3.5. Let G be a cubic graph which has a 2'-factor F whose odd cycles 
can be arranged into good pairs {Gi, £'i},{G2, -D2}; {Ck,T)k}- Then t{G) < 4. 

Proof For each good pair {Ci,Di} let {cjdj , cfdf , c^d'f) be a good triple of Ci 
and Di, cj, cf, cf being vertices of Ci while dj, df and f are on Di. In order to 
construct a set 7W = {Mi, M2, M3, M4} of 4 perfect matchings covering the edge 
set of G we let Mi as the perfect matching of G obtained by deleting the edges of 
the 2— factor. 

Let Aj be the set of edges {cldjli — I . . . k}. We construct a perfect matching AIj 
{j = 2,3,4) of G such that MiHMj = Aj. For each good pair {G^, A} {i = l...k), 
we add to Aj the unique perfect matching contained in E{Ci) U E{Di) when the 
two vertices and dl are deleted. We get hence 3 matchings Bj [j = 2, 3,4) where 
each vertex contained in a good pair is saturated. If the 2— factor contains some 
even cycles, we add first a perfect matching contained in the edge set of these even 
cycles to B2. We obtain thus a perfect matching M2 whose intersection with Mi is 
reduced to A2. The remaining edges of these even cycles are added to and to 
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Bi, leading to the perfect matchings M3 and M4. Let us remark that each edge of 
these even cycles are contained in M2 U M3. 

We claim that each edge of G is contained in at least one of = {Mi, M2, M3, M4}. 
Since Mi is the perfect matching which complements in G the 2— factor F, the above 
remark says that we have just to prove that each edge of each good pair is cov- 
ered by some perfect matching of M. By construction, no edge is contained in 
Ml U M2 U M3 which means that (A^i, M2, M3) is an FR-triple. In the same way, 
(Ml, M3, M4) and (Mi, M2, M4) are FR-triples. The edges of Tq U T2 induced by 
the FR-triple (Mi,M2,M3) on each good pair {Ci,Di} is the even cycle Ti using 
cjdj and cfdf, the odd path of Ci joining cj to cf and the odd path of Di joining 
dj to df. In the same way, edges of To U T2 induced by the FR-triple (Afi, M3, M4) 
on each good pair {Ci, Di} is the even cycle A,; using cfdf and cf df , the odd path 
of Ci joining cf to and the odd path of Di joining df to df . It is an easy task 
to see that these two cycles F^ and A; have the only edge cfdf in common. Hence 
each edge of F^ n Tq is contained into AI4 while each edge of A^ n Tq is contained 
into M2. The result follows. □ 

3.1. On balanced matchings. A set A C E{G) is a balanced matching when we 
can find 2 perfect matchings Mi and M2 such that A = Mi nM2. Let B{G) be the 
set of balanced matchings of G, we define b{G) as the minimum size of a any set 
A e -B(G), we have: 

Proposition 3.6. Let G be a cubic graph such that t{G) = 4 then b{G) < j^. 

Proof Let M = {Mi, M2, M3, M4} be a covering of the edge set of G into 4 
perfect matchings and let M be the perfect matching of edges contained in exactly 
two perfect matchings of Ai (Iem[2]of Proposition ??). Since Mi n Mj ^ %\li ^ 
j E {1, 2, 3, 4} by Proposition ??, these 6 balanced matchings partition M. Hence, 
one of them must have at most = edges. 

□ 

In [H] Kaiser, Krai and Norine proved 

Theorem 3.7. Any bridgeless cubic graph contains 2 perfect matchings whose 
union cover at least ^ edges of G. 

From Theorem l3.7[ we can find two perfect matchings with an intersection having 
at most edges in any cubic bridgeless graph. It can be proved (see [3] ) that 
for any cyclically 4-edge connected cubic graph G, either b{G) < jj or any perfect 
matching contains an odd cut of size 5. 

3.2. On classical snarks. As usual a snark is a non 3— edge colourable bridgeless 
cubic graph. In Figure[T]is depicted one of the two the Blanusa snarks on 18 vertices 
[1]. In bold we have drawn a 2— factor (each cycle has length 9) and the dashed 
edges connect the triple {x, y, z) of one cycle to the triple (x', y' , z') of the second 
cycle. It is a routine matter to check that {xx' , yy' , zz') is a good triple and Theorem 
13.51 allows us to say that this graph has perfect matching index 4. In the same way 
the second Blanusa snark on 18 vertices depicted in Figure [2] can be covered by 4 
perfect matchings by using Theorem 13.51 

For an odd fc > 3 the Flower Snark Fk intoduced by Isaac (see [8]) is the cubic 
graph on Ak vertices xo,xi, . . .Xk-i, yo, ■ ■ • 2/fe-i, zq, zi, . . . Zk-i, to, ti, . . . ifc_i 
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Figure 1. Blanusa snark #1 




Figure 2. Blanusa snark #2 



such that xqXi . . . Xk-i is an induced cycle of length k, yoyi . . . yk-i zqZi . . . Zk-i 
is an induced cycle of length 2k and for i = ... /c — 1 the vertex ti is adjacent to 
Xi, t/i and Zi. The set {ti, Xi,yi, Zi} induces the claw Ci. In Figure [3] we have a 
representation of F5, the half edges (to the left and to the right in the figure) with 
same labels are identified. 



xl x2 




zO zl z2 z3 z4 



Figure 3. J5 



Theorem 3.8. T(Ffe) = 4. 

Proof Let fc = 2p + 1 > 3 and let C — xqXi . . . X2p , D = yotOzoZitiyi . . . 
y2it2iZ2iZ2i+it2i+iy2i+i ■ ■ ■ y2pt2pZ2p (0 < i <) be the odd cycles of lengths 2A: + 1 
and 3 x (2fc+ 1) respectively which partition Fk (in bold in Figure[ni It is a routine 
matter to check that the edges xqIq, xiti and X2t2 form a good triple (dashed edges 
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in Figure [3|). Hence (C,D) is a 2— factor of G and it is a good pair. The result 
follows from Theorem 13.51 □ 

Let H be the graph depicted in Figure |4] 




Figure 4. H 

Let Gk {k odd) be a cubic graph obtained from k copies of H {Hq . . . Hk-i where 
the name of vertices are indexed by i) in adding edges OiOi+i, aci+i, CiCi+i, fifi+i 
and hihi+i (subscripts are taken modulo k). 

li k = 5, then Gk is known as the Goldberg snark. Accordingly, we refer to all 
graphs Gk as Goldberg graphs. The graph G5 is shown in Figure The half edges 
(to the left and to the right in the figure) with same labels are identified. 




Figure 5. Goldberg snark G5 
Theorem 3.9. r(Gfe) = 4. 

Proof Let fc = 2p + 1 > 3 and let G — aooi . . . a2p , D = eodo^o^o/o eidi 61171/1 
. . . eidibiQifi . . . e2pd2pb2pg2pf2p (0 < i <) be the odd cycles of lengths 2k + 1 and 
5 X (2/c+ 1) respectively and E = cohocihi . . . Cihi . . . C2p/i2p the cycle of length 4fc 
of Gfc. This set of 3 cycles is a 2— factor of Gk (in bold in Figure [51). At last, ao&o, 
ai6i and 02^2 are edges of G (dashed edges in Figure [5]). Then (ao^O; oi&i, 0,2^2) 
is a good triple. Hence (G, D, E) is a 2— factor of G where (G, D) is a good pair . 
The result follows from Theorem 13.51 □ 

3.3. On permutation graphs. A cubic graph G is called a permutation graph 
if G has a 2— factor F such that F is the union of two chordless cycles G and G'. 
Let M be the perfect matching G — F. A subgraph homeomorphic to the Petersen 
graph with no edge of M subdivided is called a M — Piq. EUingham [2] showed 
that a permutation graph without any M — Pio is 3— edge colourable. 
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Figure 6. The cycle on 8 vertices described in Lemma [3. Ill 

In general, we do not know whether a permutation graph distinct from the 
Petersen graph is 3— edge colourable or not. It is an easy task to construct a 
cyclically 4— edge connected permutation graph which is a snark (consider the two 
Blanusa snarks on 18 vertices for exemple) and Zhang 18J conjectured: 

Conjecture 3.10. Let G be a 3— connected cyclically 5— edge connected permuta- 
tion graph. If G is a snark, then G must be the Petersen graph. 

Let us consider a permutation graph G with a 2-factor F having two cycles C 
and C". Two distinct vertices of C say x and y determine on G two paths with 
X and y as end-points. In order to be unambiguous when considering those paths 
from their end-points we give an orientation to G. Thus C(a;, y) will denote in the 
following the path of G that starts with the vertex x and ends with the vertex x 
according to the orientation of C.The notation G'{x',y') is defined similarly when 
x' and y' are vertices of C". 

In order to determine which permutation graphs have a perfect matching index 
less than 4 we state the following tool (see Figure El) : 

Lemma 3.11. Let G be a permutation graph with a 2-factor containing precisely 
two odd cycles G and G' . Assume that x' {G) = 4 and that {G,G') is not a good 
pair. Let ah be an edge of G such that the odd path determined on G' with the 
neighbors of a and b, say a' and b' respectively, has minimum length. Assume that 
G and G' have an orientation such that G{a,b) is an edge and G'{a',b') has odd 
length. 

Then there must exist 4 additional vertices c and d on G and their neighbors on 
G' , say c' and d' respectively, verifying : 

• the paths G'{a',d'), G'{b',c') and G{d,c) are edges. 

• the path G{b, d) is odd and the path G'{d' , b') is even. 

Proof Observe first that a' and b' are not adjacent otherwise the cycle obtained 
with the paths G{b,a) and G'{b',a') together with the edges aa' and 66' would be 
hamiltonian, a contradiction since it is assumed that 'x' {G) — 4. 

Since the path G'{a', b') is odd there must be a neighbor of b' on C"(6', a'), say 
c'. Let c be the neighbor of c' on G. The path G{b,c) has even length, otherwise 
(aa', 66', cc') would be a good triple and (C, C") a good pair, a contradiction. 

It follows that the vertex c has a neighbor, say d on C(6, c) and C(6, d) has odd 
length. 

Let d' be the neighbor of d on C". It must be pointed out that d' is a vertex 
of G'{a',b'). As a matter of fact if on the contrary d' belongs to G'{c',a') we 
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would have a good triple with {dd' , cc', bb') when C'{c' , d') has odd length and with 
(aa', bb' , dd') when C {c' , d') is an even path; a contradiction in both cases. 

But now by the choice of the edge ah the length of C'{a',b') cannot be greater 
than C'{d', c'), thus d' is adjacent to a' and the path C'{d', b') has even length. □ 

We have : 

Theorem 3.12. Let G he a permutation graph then t{G) < 4 or G is the Petersen 
graph. 

Proof Let G and C" the 2— factor of chordless cycles which partition V{G) and 
We can assume that G is not 3— edge colourable otherwise t{G) = 3 and there is 
nothing to prove. Hence, C and C" have both odd lengths. In addition we assume 
that (C, C") is not a good pair, otherwise we are done by Theorem 13.51 

Let X1X2 be an edge of C such that the odd path determined on C" with the 
neighbors of Xi and X2, say yi and y2 respectively, has minimum length. 

We choose to orient G from xi to X2 and to orient C" from yi to ?/2- Thus 
G{xi, X2) is an edge and C"(yi, 2/2) is an odd path. 

By Lemma lS.lll we must have two vertices X3 and X4 on G and their neighbors 2/3 
and 2/4 on C" such that (7(2:4, 0^3), C" (1/1,2/4), C" (2/2, 2/3) are edges, C(a;2,X4) being 
an odd path while G'{yi, 2/2) has even length. 

Claim 1. The vertices yi and 2/3 are adjacent. 

Proof Assume not. 

The odd path G'{yi,y3) having the same length than C'(2/i,2/2) we may ap- 
ply Lemma 13.111 on the edge X4X3 {x4 = a, x^ = b). Thus there is edges; say 
2^52/5 and x^ye, x^ and xg being vertices of C, 2/5 and 2/6 vertices of C", the paths 
G{xq,X5), C"(2/4,2/6) and G'{yz,yb) having length 1. Moreover the paths G{x3,X(,) 
and G'{ye, 2/2) are odd. Since it is assumed that 2/1 and 2/3 are independent we have 
2/5 7^ 2/1 and X5 ^ xi. 

Observe that the paths G'{yi,y2) and G'{ye,y5) have the same length, thus we 
apply Lemma 13.111 again with a — xq and b — x<^. 

Let 2/7 be the neighbor of 2/5 on C'2/5, 2/1) and be the neighbor of 2/7 on G. We 
know that xy is a vertex of C(a;5,a;i) at even distance of X5. The vertex xg being 
the neighbor of x^ on G{x5, x^) and 2/8 the neighbor of Xg on C", we have that 2/8 
is the neighbor of 2/6 on G'{yQ, 2/2). 

The path G'{ys, 2/2) has even length, hence there must be on this path a neighbor 
of 2/8 distinct from 2/2, say yg. Let xg be the neighbor of 2/9 on G. 

The vertex xg belongs to C(x7,xi). Otherwise when xg is on C(x2,X4); if the 
path C(x2,xg) is odd we can find a good triple, namely (a;82/8i 2:92/9, X22/2) on the 
other case we have the good triple {xgyg, X42/4, xiyi). A contradiction in both cases. 

We get a similar contradiction if xg belongs to C(x3,X6) by considering the 
triples (x52/5,X92/9,X82/8) or (xg2/g, X42/4, a;22/2)- 

Finally, when Xg is a vertex of C(x5,X8) a contradiction occurs with the triple 
(x52/5,a:92/g,X7,2/7) if C'(x5,Xg) is odd and with the tripe {xsya, xgyg, xeye) other- 
wise. 
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Figure 7. Situation at the end of Claim [5] 



Observe that the path C{xj,xg) must be odd or {xgyg,xryT,xsys) would be a 
good triple, a contradiction. 

But now (xgj/g, a;5?/5, 3:47/4) is a good triple, a contradiction which proves the 
Claim (see Figure [7]). □ 

From now on we assume that yaj/i is an edge. 

The path C{xi,X3) being odd there must be a neighbor of 2:3 on C{x3,Xi) 
distinct from cci, let X5 be this vertex. It's neighbor on C", say 2/5, must be on 
C'(2/4, 2/2)- Moreover the length of C"(y4, y^) is odd otherwise the edges x^y^, x^ys 
and xiyi would form a good triple, a contradiction. 

Claim 2. The paths C'{y4^,y^) and C'{y5,y2) are reduced to edges. 

Proof Assume in a first stage that the neighbor of 7/4 on C^y^^y^) is distinct 
from 7/5, let be this vertex and ccg be its neighbor on C . 

The vertex X(, cannot belong to C(x5, xi), otherwise we would have a good triple 
(xaj/a, X6?/6: 2^42/4) when C{x5, xq) is an even path and the good triple {x^yA, x^ye, 2^22/2) 
if it's an odd path, contradictions. 

Similarly the vertex xg cannot belong to C{x2,X4). On the contrary we would 
have a good triple with the edges 2:22/2, xgy^ and xiyi when the path C{x2, xq) is 
odd and another good triple with the edges 2:42/4, 2:52/6 and 2:12/1. 

On the same manner we can prove that the path C"(2/5, 2/2) has length 1. □ 

It comes from Claim [2] that C has only 5 vertices. Since both cycles C and C 
have the same length C has 5 vertices too and G is the Petersen graph. □ 

In fK] Watkins proposed two families of generalized Blanusa snarks using the 
blocks B, Ai and A2 described in Figure [8] The generalized Blanusa snarks of type 
1 (rcsp. of type 2) are obtained by considering a number of blocks B and one block 
Ai (resp. A2), these blocks are arranged cyclically, the semi-edges a and b of one 
block being connected to the semi-edges a, b of the next one. Recently generalized 
Blanusa snarks were studied in terms of circular chromatic index (see [HIIT])- 

The generalized Blanusa snarks are permutation graphs, hence : 

Corollary 3.13. Let G be a generalized Blanusa snarks then r(G) = 4. 
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Block B 



Block Ai 



-• • •- 

Block A2 



Figure 8. Blocks for the construction of generalized Blanusa snarks. 



4. On graphs with t > 5 

It is an easy task to construct cubic graphs with perfect matching index at least 
5 with the help of Proposition 12.21 Take indeed the Petersen graph P and any 
bridgeless cubic graph G and apply the construction P Q)G. 

Proposition 4.1. Let G he bridgeless cubic graph with perfect matching index at 
least 5 and let H be a connected bipartite cubic graph. Then G (i) H is bridgeless 
cubic graph with perfect matching index at least 5. 

Proof Assume that r(G ®H) ^ A and let M = {Mi, M2, M3, M4} be a covering 
of its edge set into 4 perfect matchings. Let {aa\hh' ,cc'} (with a,h and c in G 
and a', h' and c' in H) be the principal 3— edge cut of G ® H . From Item [5] of 
Proposition 12.31 there is perfect matching Mi € M. such that {aa' ,bb' , cc'} C Mi. 
This is clearly impossible since the set of vertices of H which must be saturated by 
Mi is partitioned into 2 independent sets whose size differs by one unit. □ 

Let us consider the following construction. Given four cubic graphs ^3^, 
Gg^, G2* together with a distinguished vertex Xi {i — 1,2,3,4) whose neighbors in 
G^' are a^, hi and c^, we get a 3-connected cubic graphs in deleting the vertices Xi 
(i = 1,2,3,4) and connecting the remaining subgraphs as described in Figured 
In other words we define the cubic graphs denoted Ki[G\^ ,G2X2,G^^ ,G^^] whose 
vertex set is 

U y^GT)- u {x.} 

ie{l,2,3,4} iG{l,2,3,4} 

while the edge set is 

(J E[G'l') - (J {aiXi,biXi,CiXi}\J{aiCz,biai,ciC2,b2Ci,a2CzMbi}- 

ie{l,2,3,4} je{l,2,3,4} 

For convenience Gi {i G {1, 2, 3, 4}) will denote the induced subgraph of G^' where 
the vertex Xi has been deleted. 

Proposition 4.2. Let G\^ , G^^ , G^'' and G4'' he S-connected cubic graphs such 
that t(Gi^) > 5, t(G2^) > 5, G4 is reduced to a single vertex, say x. Then 
T(/^4[Gr,Gr,G^^G|])>5. 

Proof Let us denote G = KilG^'^^G^^Gs^ ,Gl^]. Observe that 04 = &4 = C4 = x. 

If t(G) = 3 the graph G would be 3-edge colourable, but in considering the 
3-edge cut {0103,6104,0102} we would have x'(Gi^) = 3, a contradiction. Hence 
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Figure 9. K^lGl^Gl^Gf.Gl"] 

t{G) > 4. Assume that r(G) = 4 and let M = {Mi, M2, M3, M4} be a covering of 
its edge set into 4 perfect matchings. 

From Item [2] of Proposition 12.31 there is perfect matching Mi G A4 such that 
{aias, 6104, C1C2} C Mi. For the same reason, there is perfect matching Mj £ A4 
such that {ciC2 , xb2C3a2} C Alj. We certainly have i ^ j, otherwise the vertex x 
is incident twice to the same perfect matching Mi. Without loss of generality, we 
suppose that i = 1 and j = 2. Hence C1C2 G Mi fl M2. If we consider the 3— edge 
cut {aifls, 6104, C1C2}, since each perfect matching must intersect this cut in an odd 
number of edges we must have one of the edges aia^ or 61a; in A/3 while the other 
must be in M4. The same holds with the 3— edge cut {ciC2, xb2C3a2} and the edges 
b2X and 0203. Hence, we can suppose that 0103 € Mi n M3 and bix G Mi n M4 
as well that 62X e M2 H M3 and 0203 G M2 n M4, a contradiction since the set of 
edges contained into 2 perfect matchings of is a perfect matching by Item [2] of 
Proposition 13.11 and x is incident to two such edges. □ 

We do not know any cyclically 4— edge connected cubic graph, distinct from the 
Petersen graph, having a perfect matching index at least 5 and we propose as an 
open problem: 

Problem 4.3. Is there any cyclically 4— edge connected cubic graph distinct from 
the Petersen graph with a perfect matching index at least 5 ? 

5. Technical tools. 

In fact Theorem 13.51 can be generalized. Let M be a perfect matching, a set 
A C E[G) is a Ad— balanced matching when we can find a perfect matchings M' 
such that A — M r\ M' . Assume that M — {A,B,G} are 3 pairwise disjoint 
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M— balanced matchings, we shall say that is a good family whenever the two 
following conditions are fulfilled: 

i Every odd cycle C of G\M has exactly one vertex incident with one edge 
of each subset of M and the three paths determined by these vertices on 
C are odd. 

ii For every even cycle of G\M there are at least two matchings of M. with 
no edge incident to the cycle. 

Theorem 5.1. Let G be a bridgeless cubic graph together with a good family M. 
Then t(G) < 4. 

Sketch of the proof Let us denote Ma (resp. Mb, Mc) a perfect matching 
such that Ma HM = A (resp. Mb D M = B , Mc n M = C). 
Let C be a cycle of the 2-factor G — M. 

When C is an even cycle, there are precisely two matchings on C, namely Mc 
and such that Mc UM^ covers all the edge-set of C. Since there are at least two 
matchings in {Ma, Mb, Mc} that are not incident to C, say Ma and Mb, up to a 
redistribution of the edges in Ma H C and Mb n C we may assume that Mc C Ma 
and c Mb- 

If C is an odd cycle we know that C has precisely one vertex which is incident 
to A say a, one vertex which is incident to B say b, one vertex which is incident to 
G say c. Without loss of generality we may assume that there is an orientation of 
C such that the path C{a,b) has odd length and the vertex c in C{b,a). We know 
that the path C{b, c) is odd thus the edge-set of C is covered with M^UMsUMc. □ 

In the same manner we can obtain a theorem insuring the existence of a 5- 
covering. 

Assume that = {A, B, G, D] are 4 pairwise disjoint M— balanced matchings, 
we shall say that is a ice family whenever the two following conditions are 
fulfilled: 

i Every odd cycle G of G\M has exactly one vertex incident with one edge 
of each subset of M. and at least two disjoint paths determined by these 
vertices on G are odd. 

ii For every even cycle of G\M there are at least two matchings of Afwith 
no edge incident to the cycle. 

Theorem 5.2. Let G be a bridgeless cubic graph together with a nice family M. 
Then t{G) < 5. 

Proof Let us denote AIa (resp. Mb, Mc, Md) a perfect matching such that 
Ma r\M ^ a (resp. Mb r\M ^B ,Mc DM = G,Md (IM ^ D). 
Let C be a cycle of the 2-factor G — M. 

When C is an even cycle, there is at least two matchings in {Ma, Mb,Mc, Md} 
that are not incident to C, say Mi and M2. As in Theorem lS.ll we may assume that 
the edge-set of C is a subset of Mi U M2. 

If C is an odd cycle we know that C has precisely one vertex which is incident to 
A say a, one vertex which is incident to B say b, one vertex which is incident to C 
say c, one vertex which is incident to D say d. Without loss of generality we may 
assume that there is an orientation of C such that the path C{a, b) has odd length 
and the vertices c and d are in this order in (6, a). We can suppose that the path 
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{b, c) is even otherwise the edge-set of C would be covered with Ma U Mb D Mc- 
But now, since C is an odd cycle the path C{d, a) has odd length and the edge-set 
of C is a subset of Ma UMbUMd and {M, Ma, Mb, Mc, Md) is a 5-covering. □ 

In a forthcoming paper [5 we shall give an analogous theorem insuring the 
existence of a Fulkerson covering and some applications. 

6. Odd or even coverings. 

A covering of a bridgeless cubic graph being a set of perfect matchings such that 
every edge is contained in at least one perfect matching, we define an odd covering 
as a covering such that each edge is contained in an odd number of the members of 
the covering. In the same way, an even covering is a covering such that each edge 
is contained in an even number (at least 2) members of the covering. The size of 
an odd (or even) covering is its number of members. As soon as a covering is given 
an even covering is obtained by taking each perfect matching twice. 

Proposition 6.1. Let G be bridgeless cubic graph such that t{G) = 4. Then G 
has an odd covering of size 5 . 

Proof Let G be a cubic graph such that r(G) = 4 and let M = {Afi, M2, M3, M4} 
be a covering of its edge set into 4 perfect matchings. Let M be the perfect match- 
ing formed with the edges contained in exactly two perfect matchings of A4 . Then 
we can check that {M, Mi, M2, M3, M4} cover every edge of G either one time or 
three times. □ 



Proposition 6.2. Let G be a bridgeless cubic graph together with an odd covering 
M of size k. Then either G has an odd covering of size k — 2 or VM, M' ^ M. we 
have M ^ M' . 

Proof Assume that there are two identical perfect matchings M and M' in M.. 
Each edge e covered by M (and thus M') must be covered by at least another 
perfect matching Me and the set M. — {M, M'} is still an odd covering. The result 
follows. □ 



Proposition 6.3. The Petersen graph has no odd covering. 

Proof Let Ai be an odd covering of the Petersen graph with minimum size. Then, 
by Proposition 16.21 Ai must be a set of distinct perfect matchings. The Petersen 
graph has exactly 6 distinct perfect matchings (inducing a Fulkerson covering, that 
is an even covering) and it is an easy task to check that any subset of 5 perfect 
matchings is not an odd covering. Since T{Petersen) — 5, the result follows. □ 

Seymour ([H]) remarked that the edge set of the Petersen graph is not expressible 
as a symmetric difference (mod 2) of its perfects matchings. 

Problem 6.4. Which bridgeless cubic graph can be provided with an odd covering ? 

We remark that 3— edge-colorable cubic graphs as well as bridgeless cubic graph 
with perfect matching index 4 have an odd covering (with size 3 and 5 respectively) . 

Proposition 6.5. Let G be bridgeless cubic graph without any odd covering and 
let H be a connected bipartite cubic graph. Then G ® H has no odd covering. 
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Proof Assume that G ® H can be provided with an odd covering Ai. Let 
{aa'j bb' , cc'} (with a, b and c in G and a', b' and c' in H) be the principal 3— edge 
cut of G®H . None of the perfect matchings of M can contain the principal 3— edge 
cut since the set of vertices of H which must be saturated by such a perfect match- 
ing is partitioned into 2 independent sets whose size differs by one unit. Hence 
every perfect matching of Af e contains exactly one edge in {aa', 66', cc'} and 
leads to a perfect matching M' of G. The set M.' of perfect matchings so obtained 
is an odd covering of G, a contradiction. □ 



Proposition 6.6. Let G^^ and Gj^ be cubic graphs with distinguished vertices xi 
and X2 such that t{G'^') > 5 (i ^ 1,2) and ToddiG^) ^ = l:2j- Let Gf' and 
Gg be two copies of the cubic graph on two vertices and G = K^IG'^^ , Gj^, Gg , Gf ], 
then t[G) > 5 and if ToddG is defined then Todd{G) ^ 5. 

Proof Let x and y be respectively the unique vertex of G4, G3 (see Figure [9] where 
G4 is reduced to a single vertex x and G3 is reduced to y). We know by Proposition 
|12]thatr(G) > 5. Assume that Todd{G) = 5 and let M = {Mi, M2, M3, M4, M5} 
be an odd 5-covering. The perfect matchings of M. are pairwise distinct otherwise 
by Proposition 16.21 either G^^ or Gj^ would be 3-edge colorable, a contradiction. 
Observe that each vertex is incident to one edge that belongs to precisely three 
matchings of A^, the two other edges being covered only once. Moreover, the set 
of edges that belong to 3 matchings of is a perfect matching itself. 

The 3-edge cut {aiy, 61a;, C1C2} must be entirely contained in some matching of 
M, say Mi otherwise we would have a 5- odd covering of G^^ a contradiction. 
Similarly there is a perfect matching in M., say Mj that contains the edges C1C2, 
62a:, 02?;. Thus the edge C1C2 must belong to 3 matchings of M. Without loss of 
generality we assume that i = 1, 7 = 2 and C1C2 G Mi n A/2 H M^. 

If yai G A/3, since a perfect matching intersects any odd cut in an odd number 
of edges we have a;6i € A/3, it follows that the edge yai must be a member of a 
third matching of M as well as the edge a;6i. If for some k we have yai S A/^ 
and xbi G A/^, k G {2,4,5}, k being obviously distinct from 2 Mk intersects the 
3-edge cut in an even number of edges, a contradiction. Hence we may assume that 
yai G A/4 and xbi G A/5. But now the edge xy is covered by none of the matchings 
of A4, a contradiction. Consequently yai ^ A/3, similarly a;6i ^ Af3. 

If yai G A/4 this edge must belong to a third matching of M. which is A/5. Since 
the set of edges that are covered 3 times is a perfect matching a;6i G A/4 fl A/5. But 
in this case the edge C1C2 would belong to A/4 and A/5, a contradiction. 

It follows that yai as well as 0:62 are covered only once and the edge xy belongs 
to 3 matchings of M, that is xy G A/3 n M^ n M^. But now, neither Ar4 nor Af^s 
intersect the edge-cut {yai, a;6i, C1C2} a contradiction since a perfect matching must 
intersect every odd edge-cut in an odd number of edges. □ 

The graph G depicted in Figure [10] is an example of cubic graphs with a 7-odd 
covering and a perfect matching index equals to 5. We know by Proposition 16.61 
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5 4 14 15 

Figure 10. A graph G such that t{G) = 5 and Todd{G) = 7. 

that Todd{G) > 7. As a matter of fact, this graph has 20 distinct perfect matchings 
and among all the 7-tuples of perfect matchings (77520) 64 form an odd-covering. 
Let us give below such a 7-tuple. 



{0- 


10, 1 - 


-5, 2 


- 9, 3 - 


- 13, 4-8, 6 


-7, 11 - 


15, 12- 


19, 14- 


IS, 16- 


17} 


{0- 


1, 2- 


8, 3- 


-4, 5- 


9, 6 - 7, 10 - 


12, 11 - 


15, 13- 


14, 16- 


18, 17- 


19} 


{0- 


1, 2- 


10, 3 


- 13, 4 


-5, 6-8, 7 


-9, 11- 


15, 12- 


19, 14- 


18, 16- 


17} 


{0- 


1, 2- 


10, 3 


- 13, 4 


-8, 5-9, 6 


-7, 11- 


16, 12- 


18, 14- 


15, 17- 


19} 


{0- 


11, 1- 


-5, 2 


-9, 3- 


- 13, 4-8, 6 


-7, 10- 


12, 14- 


15, 16- 


18, 17- 


19} 


{0- 


11, 1- 


-5, 2 


-9, 3- 


- 13, 4-8, 6 


-7, 10- 


12, 14- 


18, 15- 


19, 16- 


17} 


{0- 


11, 1- 


- 6, 2 


- 10, 3 


-7, 4-8, 5 


-9, 12- 


19, 13- 


17, 14- 


15, 16- 


18} 


Moreover the following perfect matchings form a 5-covering. 






{0- 


1, 2- 


10, 3 


- 13, 6 


-8, 7-9, 4 


-5, 12- 


19, 16- 


17, 14- 


18, 11 - 


15} 


{2- 


9, 1- 


6, 7- 


-9, 4- 


5, 3- 13, 0- 


11, 10- 


12, 14- 


15, 16- 


18, 17- 


19} 


{1- 


6, 7- 


9, 2- 


-8, 5- 


4, 0-10, 12 


- 18, 17- 


- 19, 14- 


- 15, 11 - 


- 15, 3 - 


13} 


{0- 


1, 2 - 


8, 6- 


-7, 5- 


9, 3-4, 10 - 


12, 13- 


17, 14- 


18, 15- 


19, 11 - 


16} 


{1- 


6, 5- 


9, 4- 


-8, 3- 


7, 2- 10, 0- 


■11, 12- 


18, 13- 


14, IS- 


19, 16- 


17} 
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Wc do not know any example of graph G for which Todd is defined and with 
t{G) = Todd{G) = 5. We just observe that in such a graph every vertex would be 
incident to an edge belonging to 3 perfect matchings and to precisely two edges 
covered only once. The set of edges covered by 3 perfect matchings being a perfect 
matching itself. 

Problem 6.7. Is it true that every bridgeless cubic graph has an even covering 
where each edge appears twice or 4 times ? 

The answer is yes for 3— edge-colorable cubic graphs and for bridgeless cubic 
graphs with perfect matching index 4 since such graphs have an even covering of 
size 8. 
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